We analyze the fixed variety Y n of a special unipotent element acting on the space of (n − 1)-dimensional complete quadrics. We find a cell decomposition of Y n , and compute its Poincaré polynomial. The cells are indexed by compositions of n with odd parts and the Poincaré polynomial of Y n is a q-analog of the n th Fibonacci number. We characterize the containment relations of the cell closures combinatorially and find a recurrence for the number of irreducible components of Y n .
Introduction
Let B be the variety of n-step flags in C n :
where dim V i = i for i = 0, . . . , n. Let u be a unipotent element from the special linear group S L n (C). The variety of fixed points B u := {F ∈ B : u · F = F } has an intricate geometry and a rich combinatorial structure.
It was shown by Springer ([10] , [11] ) that for each i ≥ 0, the cohomology space H i (B u , Q) affords a representation of the symmetric group S n , and the top non-vanishing cohomology space is an irreducible S n -module. Spaltenstein [9] proved that all irreducible components of B u have the same dimension e(u) which is equal to the half of the dimension of the top non-vanishing cohomology space H 2e(u) (B u , Q).
The flag variety B is an example of a wonderful S L n -variety. Another frequently studied wonderful S L n -variety is X n , the space of complete quadrics in an n-dimensional affine space ( [5] , [6] ). A complete quadric can be defined inductively by giving a quadric hypersurface Q in the affine space and a complete quadric in the singular locus of Q, which is itself an affine space.
We investigate the analog of the Springer fiber for X n ,
in the special case where u has Jordan type (n), i.e. consists of a single Jordan block. Y n has a cell decomposition and the cell containment relations can be described combinatorially in terms of compositions of n whose parts are all odd. In fact, the cells form a graded poset and a meet semilattice.
The Poincaré polynomial of Y n turns out to be a q-analog of the Fibonacci numbers:
satisfying the recurrence
The number a n of irreducible components of Y n satisfies the recurrence: a n = a n−1 + a n−3 . Unlike the case of Springer fibers for B, the irreducible components of Y n are never equidimensional when n ≥ 5.
Preliminaries

Compositions with Odd Parts
A composition of n ∈ N is an ordered sequence of positive integers (called parts) that sum to n. Let F n denote the set of compositions of n whose parts are odd. It is well known that |F n | is given by the n th Fibonacci number (c.f. [12, Exercise I.14(d)]).
We partition F n into a disjoint union of two subsets:
where
Generalities on Quadrics
We fix an algebraically closed field K of characteristic 0 and let V denote a Kvector space of dimension n. A quadric hypersurface in V is the locus of v ∈ V such that q(v) = 0 for some non-zero quadratic form q on V. Two such quadratic forms produce the same quadric hypersurface if and only if one is a scalar multiple of the other. Via the polarization trick, quadratic forms are equivalent to symmetric bilinear forms. Moreover, if we fix an ordered basis
then a symmetric bilinear form b is given by a symmetric matrix A = b(e i , e j ) . Let Sym n = Sym n (K) denote the vector space of symmetric n-by-n matrices with entries in K. The space of all quadric hypersurfaces can therefore be identified with the projectivization, P(Sym n ); it has dimension n(n+1) 2 − 1.
Complete Quadrics
A quadric hypersurface is non-degenerate if its defining quadratic form q is nondegenerate; equivalently, if its defining symmetric matrix A is invertible. Let Q = Q n denote the open subset of P(Sym n ) corresponding to non degenerate quadrics. The space X n of complete quadrics is an alternative compactification of Q of classical origin, going back to Chasles [4] and Schubert [8] .
is a partial flag of subspaces in V, and Q i , for i = 1, . . . , k, is a non-degenerate quadric in V i /V i−1 . Equivalently, a a complete quadric can be described by a pair
where F is as above and Q i is a quadric defined on V i whose singular locus is V i−1 . Note that a non-degenerate quadric is a complete quadric with k = 1.
X n is a smooth projective variety and Q embeds into X n as a dense open subset. See [5] and [6] for a more thorough description of X n , including its construction as a wonderful S L n -variety. The Poincaré polynomial of X n is computed explicitly in [13] using a Bialynicki-Birula decomposition, and in [7] by point counting over finite fields.
Let F be a flag in V = K n given by
and let
is a composition of n, called the flag type of F . We say that our choice of ordered basis E in (2.3) is consistent with the flag F in the sense that the first
Note that g restricts to linear isomorphisms
The action on the non-degenerate quadrics defining the complete quadric is Q·g
In the sequel, we will only need to consider the case when the action fixes the flag. In that case, let E i the be the subset of E consisting of vectors in V i but not in V i−1 (with the induced ordering). Then E i is an ordered basis for V i /V i−1 . Let A i be an invertible symmetric matrix that gives the non-degenerate quadric hypersurface Q i with respect to the basis E i . For g ∈ S L n , use the composition γ to form a block decomposition of g. Then the matrix representing g i (2.5) with respect to the basis E i is simply the i th diagonal block of g with respect to the γ-block decomposition. An invertible symmetric matrix that represents the non-degenerate quadric Q i · g is given by g i A i g
(The use of the given right action instead of the natural left action is dictated by this matrix formula for the action, as well as to be able to directly apply results from [2] .)
Generalities on Posets
Definition 2.6. A poset P is graded if there exists a rank function ℓ : P → N such that
Note that Definition 2.6 differs from that in [12] in that we do not require P to have a unique minimal element0 or to have a unique maximal element1. 
Invariant Non-degenerate Quadrics
We recall results of [2] on unipotent invariant non-degenerate quadrics. Given an arbitrary nilpotent transformation N of V whose Jordan type is the partition (n) having only one part, there is an isomorphism V K n such that N is given in matrix form by
The associated unipotent transformation u = exp(N) is then given by the unipotent matrix u = exp(N). 
Let T be the maximal torus of S L(K consisting of invertible diagonal matrices. We now determine the maximal subtorus T ′ of T that fixes Q u .
Lemma 3.5. A torus element t ∈ T fixes Q u if and only if t has the form
where α ∈ K * and µ = ±1.
In particular, T ′ consisting of
for t ∈ K * is a maximal subtorus of T that fixes Q u .
Remark 3.7. The action of T ′ on Q u has a unique fixed point given by Proof. We prove this by induction on the number k of parts of the composition γ.
Observe that a flag
is fixed by u if and only if it is fixed by N, so assume F is N-fixed.
Let v be any non-zero vector in V 1 and let j be the largest integer such that v contains a non-zero e j component. 
Definition 4.2.
For γ ∈ F n , X n,γ is the subvariety of X n consisting of complete quadrics whose flag has type γ. For a unipotent u ∈ S L n (K), define
Observe that if
is the u-fixed flag of type γ = (γ 1 , γ 2 , . . . , γ k ), then it is also N-fixed and the restriction of N to V i /V i−1 is given by a γ i -by-γ i matrix of the form (3.2). Therefore, we may apply the results of Section 3 to study the non-degenerate u-fixed quadrics on V i /V i−1 . By part 1 of Proposition 3.3, there are no u-fixed quadrics of type γ if any of the γ i are even. On the other hand, if each γ i is odd, then applying part 2 of Proposition 3.3 shows that the space of non-degenerate u-fixed quadrics on V i /V i−1 is an affine space of dimension (γ i − 1)/2. By Remark 3.7, each of these affine spaces has a unique T ′ fixed point given by (3.8). We summarize these observations in the following proposition.
Furthermore, there is a unique T ′ -fixed point A γ in Y n,γ .
Carrell and Goresky's BB-Theorem
In the sequel, let K = C. 
Proof. Since each Y n,γ has a product structure, it suffices to check the result for the case γ = (n) for n odd, i.e. when the flag F is simply
The action of λ(t) given by (3.6) on a non-degenerate quadric in Y n given by A in (3.4) is
where A (n) is given by (3.8).
Recall the following well-known theorem of Bialyncki-Birula. 
The closures C x of the cells C x form an additive basis for the Chow ring (as well as the cohomology ring) of Z.
We would like to be able to deduce statement 2 in Theorem 5.2 in our setting where the variety Y n is neither smooth nor irreducible. In order to accomplish this, we use a simplified version of a result of Carrell and Goresky. 
The Poincaré Polynomial
Using Theorem 5.4 we compute the Poincaré polynomial of Y n :
Using (2.1) and (2.2) to partition
It is easy to easy to check that P Y 1 (q) = P Y 2 (q) = 1.
Theorem 6.1. The Poincaré polynomial of the unipotent fixed variety Y n is given by
Remark 6.3. By the Hard Lefschetz Theorem, P Y n (q) is unimodal.
Proof. Formula (6.2) follows from the basic recurrence
and induction.
The Poset of Cell Closures
We put a natural geometric partial order on F n . 
Proof. This follows from the following explicit description of the the cell Y n,γ :
where 
where C m denotes the chain with m + 1 elements.
Note that irreducible components of Y n correspond to maximal elements of (F n , ≤). Also, F n has a0, namely the composition (1, 1, . . . , 1) consisting of n 1's; however, F n has more than one maximal element when n ≥ 4. We conclude from Figure 7 .1 that Y 6 has four irreducible components: two of which are isomorphic to P 2 , one isomorphic to P 1 × P 1 and one isomorphic to P 1 .
Remark 7.5. It is clear from Figure 7 .1 that unlike the case of Springer fibers, the irreducible components of Y n are not equidimensional. Proof. The proof is by induction on n. Assume that the statement is true for F m with m < n.
